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Abstract We study the transverse momentum dependent light-front correlator for gluons. At the operator level
this is expressed as a matrix element containing nonlocal field strength operators and gauge links bridging the
nonlocality. We parametrize the leading (twist-2) gluon–gluon correlator in terms of transverse momentum
dependent distribution functions for unpolarized, vector and tensor polarized targets (the latter being relevant
for spin-1 targets). For a tensor polarized target there are eleven functions among which two are time reversal
odd. We discuss bounds on some functions which might become useful for future applications.
1 Introduction
The cross section of high energy processes can be written as a convolution of hadronic matrix elements and
partonic hard cross section, so long as the validity of factorization theorems is assumed. Nonlocal forward
matrix elements containing quarks and gluon fields are studied in terms of Parton distribution functions (PDFs).
Extending the non locality to the transverse directions offers possibilities to study transverse momentum
depended (TMD) PDFs, or simply TMDs. The hadronic matrix element containing two gluon fields was
parametrized in terms of TMD PDFs for the first time in [1] and later on proposed in a different form in [2].
These works describe unpolarized and vector polarized targets, relevant for spin-0 and spin- 12 particles. Recently
in [3] the parametrization of the gluon–gluon correlator has been extended to tensor polarization, allowing in
fact the inclusion of spin-1 hadrons in the description. The outline of this work is as follows: in Sect. 2 we
show the parametrization of the gluon–gluon correlator in terms of gluon TMDs for hadrons with spin up to
1 and in Sect. 3 we present some bounds on the distributions.
2 Parametrization of the TMD Gluon–Gluon Correlation Function for Hadrons of Spin ≤ 1
The correlation function for gluons in hadrons is defined as:




eik·ξ 〈P, . . .| Fμν(0)U[0,ξ ]Fρσ (ξ)U ′[ξ,0] |P, . . .〉 , (1)
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where a trace in color space (Trc) is implicitly assumed. The Wilson lines U[0,ξ ] and U ′[ξ,0] guarantee color
gauge invariance as they bridge the nonlocality of the two gluon field tensors. The dots indicate the spin vectors
and/or tensors needed to deal with polarization of hadrons with spin ≤ 1.
The relevant momentum variables are P and k, i.e. the hadron and parton momentum respectively. We use
the lightlike vector n, i.e. n2 = 0, and we parametrize P and k such that they satisfy:
P2 = M2, P·n = 1, kμ = x Pμ + kμT +
(
k·P − xM2) nμ. (2)
where M is the mass of the hadron.
The target spin states are characterized by the density matrix. For hadrons of spin 0 and 12 , one needs to
introduce a spacelike vector Sμ which parametrizes the density matrix [4,5]. By demanding S2 = −1 and
P·S = 0 one can parametrize S in terms of the dimensionful vectors P and n:
Sμ = SL P
μ
M
+ SμT − MSL nμ. (3)
To extend the description to spin-1 particles a polarization tensor Tμν is needed, which satisfies PμTμν = 0.



























We have used the metric tensor in transverse space defined as gμνT ≡ gμν − P{μnν} (curly brackets denote
symmetrization of the indices), with nonvanishing elements g11T = g22T = −1. The spin tensor is symmetric
and traceless and it has five independent parameters, namely SLL , the two components of the transverse vector
SLT , and the two independent components of the symmetric traceless transverse tensor ST T .
Looking at Eq. (1) we note that, even though for unspecified processes the path could run along arbitrary
paths, we have included a dependence on the lightlike four-vector n, that enters upon consideration of staple-
like gauge links running along the light-front (ξ ·n = 0) via lightlike ξ ·P = ±∞. Integrating Eq. (1) over k·P ,
one obtains the TMD (light-front) correlator








Simple power counting leads to the definition of the leading (usually referred to as leading twist or twist-2)
correlator:
Γ i j (x, kT ) ≡ Γ [U,U ′] ni;nj (x, kT ; P, n) . (6)
The latter is indeed the operator considered as a starting point in [3], and we repeat the main results on the
parametrization therein derived.
In the decomposition we employ symmetric and traceless tensors ki1...inT that are built from the partonic
momentum kT . Up to rank n = 4, these are given by













T + gikT k jT + g jkT kiT
)
, (8)



















gT i j k
i j
T = gT i j ki jkT = gT i j ki jklT = 0. (10)
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From this decomposition of the Lorentz structures it follows that the functions involved in the parametrization
are twist-2 TMDs of definite rank. This has the advantage that there is a one-to-one correspondence between
the functions in the transverse coordinate bT space and the kT space, which turns out to be a very important
feature when the TMD evolution equations have to be considered [6].
Separation into different polarizations gives:































































































































































































Throughout the paper, the dependence of functions on the gauge link is understood and we define kT ·ST =
−kT ·ST . The transverse antisymmetric tensor is defined as μνT ≡ Pnμν , with nonzero components 12T =
−21T = 1. The functions h⊥1L , f ⊥1T , h1, and h⊥1T are odd under naive time reversal transformatios (T -odd).
The functions h⊥1LL , f1LT , h1LT , h⊥1LT , f1T T , h⊥1T T , h⊥⊥1T T are T-even whereas g1LT and g1T T are T -odd and
they have been first introduced in [3]. The function f1LL was also called b1 in the quark case [7], and h1T T
shows up in the structure function Δ(x, Q2) discussed in Ref. [8] and is called Δ2G(x) in [9]. They are rank-0
functions which survive in the collinear case, i.e. upon integration over transverse momenta.
3 Positivity Bounds on the Gluon Distributions in Spin-1 Targets
As already done in [10] one can impose positivity constraints to the hadronic tensor and find a probabilistic
interpretation for some of the distribution functions. Bounds on the TMDs have been studied in [1] for gluons
in spin- 12 hadrons and in [7,11] for quarks in hadrons with spin up to 1.
The correlator Γ i j in (6) is a 2 ×2 matrix in the transverse gluon polarizations. On the other hand, the spin
states of a spin-1 particle are described by the density matrix, which can be written in terms of the independent
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components of the vector S and the tensor T . In fact one needs a Cartesian basis of 3×3 matrices, consisting of
the identity matrix I , the three-dimensional (generalized) Pauli matrices Σ i , and the five bilinear combinations













2 + SLL3 + 13 SLT x−i SLT y2√2 +





2 (ST T xx − i ST T xy)









3 − 2SLL3 −SLT x+i SLT y2√2 +





2 (ST T xx + i ST T xy) −SLT x−i SLT y2√2 +




− SL2 + SLL3 + 13
⎞
⎟⎟⎠ . (19)
This allows one to write the correlator in a form which explicitly singles out the hadron spin, namely:





s,s′ (x, k⊥; P) (20)









where A, B and C are 3 × 3 blocks whose complete expressions will be given elsewhere. From symmetry
considerations, it follows that the block C is the charge-conjugated of the block A and the off-diagonal block
are hermitian-conjugate (see Ref. [3] for more details on the hermiticity, time-reversal and charge-conjugation






2 − g1 0 0
0 f1 − f1LL 0
0 0 f1 + f1LL2 + g1
⎞
⎠ , B =
⎛
⎝ 0 0 00 0 0







2 + g1 0 0
0 f1 − f1LL 0
0 0 f1 + f1LL2 − g1
⎞
⎠ (22)
We note that Γ i js,s′ is a positive semi-definite matrix, i.e. for each vector in the combined gluon ⊗ target













〈Pm | Fni (0) |P, s〉∗ 〈Pm | Fnj (0) |P, s′〉 δ(Pm ·n − (1 − x)P·n) (23)
This is true for the unintegrated version of Γ as well (see [1,5]). The matrix (21) is positive semi-definite if
its eigenvalues are all ≥ 0. Together with the requirement for all the diagonal elements to be positive, we find
the following bounds for the integrated gluon distribution functions:
f1 ≥ f1LL ,













Including transverse momenta produces many more relations on the functions which will be shown in a
future work.
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4 Conclusions
We have presented the parametrization of the gluon–gluon correlator in terms of TMDs and we have considered
targets with spin up to 1. Some of the new functions presented in [3] survive under integration over transverse
momenta and we derived the bounds fullfilled by these collinear distributions.
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